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ABSTRACT 

The  spectral  theory  mainly  deals  with  a systemic  study  of  inverse  operators,  their  general  properties  and  their 
relation  to  the  original  operators. 

Operators  on  Hilbert  space  is  a basis  for  a comprehensive  study  of  the  spectral  theory.  In  particular,  the  hermitian 
or  self-adjoint  operators  are  very  important  in  many  applications.  In  this  peper,  we  have  generalized  this  idea  by  showing 
that  the  spectrum  of  a self-adjoint  operator  on  a Hilbert  space  also  consists  entirely  of  real  values. 
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1.  INTRODUCTION 

While  solving  the  system  of  linear  algebraic  equations,  differential  equations  or  integral  equations,  we  come 
across  the  problem  related  to  inverse  operation.  Spectral  theory  is  concerned  with  such  inverse  problem. 

In  chapter  one  we  discuss  the  preliminary  concepts  which  are  frequently  used  in  the  project  work.  In  chapter  Two 
we  discuss  the  spectral  theory  of  bounded  self-adjoint  linear  operator  and  in  chapter  Three  we  discuss  Projection  operators. 
The  definition  of  projection  is  suitable  for  spectral  family.  Projections  are  always  positive  operators. 

In  Chapter  Four  we  discuss  spectral  family.  The  spectral  family  of  a bounded  self-adjoint  linear  operator  at  points 
of  the  resolvent  set,  at  eigen  values  and  at  the  point  of  continuous  spectrum. 

The  spectral  projection  are  the  given,  as  in  the  bounded  case,  by  defining  to  be  the  orthogonal  projection  on  the 
null  space  of  (T  — AI)  + for  all  real  A.  If  the  two  sets  are  vector  spaces,  we  can  introduce  the  concept  of  a linear  operator,  if 
the  sets  are  normed  spaces,  we  can  construct  a theory  of  bounded  linear  operators  on  such  spaces.  Operators  that  map 
members  of  a specified  space  into  the  real  or  complex  numbers  are  called  functional.  We  shall  also  discuss  the  Hilbert- 
adjoint  operators  as  well  as  the  self-adjoint,  unitary  and  normal  operators.  Finally,  we  shall  look  at  the  spectral  family  of 
the  Hermitian  (self-adjoint)  operators  which  is  an  important  aspect  of  functional  analysis. 

2.  PRELIMINARY  CONCEPT 

2.1  Basic  Definition 

Norm:  Let  A be  a vector  space  over  a field  K.  Then  a mapping  ||.  ||:  X ->  [0,  oo)  is  said  to  be  a norm  on  X if  for 
each  x,  y £ X,  A E K 

• ||x||  > 0 and  ||x||  = 0 if  and  only  if  x — 0 ( positive  definiteness) 

• \\Ax\\  = |A|||x||  ( Homogeneity ) 

• \\x  + y ||  < ||x||  + ||y||  ( triangle  inequality). 
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If  norm  is  defined  on  a vector  space  X,  then  Ais  said  to  be  a normed  space. 

Linear  Functional:  A linear  functional  on  Hilbert  space  H is  a linear  map  from  H to  C.  That  is  (p\  H ->  C. 
Bounded  Linear  Functional:  A linear  functional  <p  is  bounded  or  Continuous,  if  there  exists  a constant  k such 

that 

\<p(x)\  < k\\x\\ 

The  norm  of  a bounded  linear  functional  is 
IMI  = SMP||*||  = 1|<Kx)| 

If  y £ H,  then  (py(x)  — (y,x) is  a bounded  linear  functional  on  H,  with  \\(py  ||  = ||y|| 

Continuous  Operator 

An  operator  T from  a normed  space  V into  another  normed  space  W is  continuous  at  a 

point  x £ D(T)  if  for  any  e > 0 there  is  aS  > 0 ,such  that  \\Tx  — Ty\\  < e for  all  y £ D(T)  whenever  ||x  — y\\  < 

S then  T is  continuous,  if  its  continuous  at  all  points  of  D(T). 

Let  A be  a vector  space  over  K and  let  X X X -»  K,  where  for  all  x,y,z  EX 

• (x  + y,z)  — (x,z)  + (y,z)  (linearity) 

• ( ax,y ) — a(x,y ) ( Homogeneity ) 

• (x,y)  = ( y,x ) ( conjugate  symmetry ) 

• (x,  x)  > 0 and  (x,  x)  = 0 <=>  x — 0 ( positive  definiteness). 

Then  the  pair  ( X , (.,.))  is  said  to  be  an  inner  product  space.  Hilbert  space  is  a complete  inner  product  space.  If 
T:X  -»  X is  a linear  operator  on  linear  space  X,  then  X £ K is  called  eigen  value  of  T,  if  there  exist  an  non-  zero  x£  X then 

Tx  — Ax 

Resolvent  Set:  Let  H be  a Hilbert  space  and  let  T : D (T)  -»  H be  a linear  operator  with  domain  D(T)  £ H.  For 

any  A £ C,  we  define  the  operator  f = AI  — T,  then  A is  said  to  be  a regular  value  if  Ri  is  inverse  operator.  That  is  Ais 

regular  if  provided, 

• /^exists 

• Rx  is  a bounded  linear  operator; 

• Rx  is  defined  on  a dense  subspace  of  H 

The  resolvent  set  of  T is  the  set  of  all  regular  values  of  T 
p(T)={A  £ C:  A is  a regular  value  of  T] 

Spectrum.  The  set  a(T)  — £ — p(T ) 

The  spectrum  of  an  operator  T is  usually  divided  into  three  disjoint  unions. 
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• Point  spectrum  ap(T). 

• Continuous  spectrumcrc(7). 

• Residual  spectrumerr  (T). 

Where 

<Jp(T)  = [A  Ea(T):ker(AI  -T)±  {0}} 

a C(T)  = {A  E cr(T):  ( Al  — 7)_1  is  densely  defined  but  not  bounded} 
ar(T ) — [A  E tj(T):R(AI  — 7)  is  not  dense  in  H] 

Elements  of  ap(T)  are  called  eigenvalues. 

Orthogonality 

Two  vectors  x and  y in  inner  product  space  are  said  to  be  orthogonal  if  (x,y)  = 0. 

Orthonormality 

The  set  containing  those  vectors  x,y  such  that  (x,y)  — 0 and  ||x||=l  is  said  to  be  orthonormal  set. 

Orthogonal  Complement 

For  non-empty  subset  S of  Hilbert  space  we  define  the  orthogonal  complement  to  S,  denoted  by  SL. 

5i  = {y£  H\  (x,y)  — 0 for  all  x E 5} 

Convergence  of  Sequence  of  Operator 

Let  X and  Y be  normed  space.  A Sequence  (7^)  of  operators  Tn  E B(X,  Y)  is  said  to  be: 

• Uniformly  Operator  Convergent:  If  (Tn)  converges  in  the  norm  of  B(X,  Y)  to T £ B(X,  Y) 
i-e  \\Tn  - T||  ->  0 

• Strongly  Operator  Convergent:  If  ( Tnx ) converges  strongly  in  Y for  every  x EX 
\\Tnx  — Tx\\  ->  0 

Unitary  Operator:  A bounded  linear  operator  T:  H ->  H on  Hilbert  space  H is  said  to  be  unitary  if  T is  bijective 
and 

j*  _ t —i 

Normal  Operator:  A bounded  linear  operator  T:  H ->  H on  a Hilbert  space  is  said  to  be  normal 
if  7T*  = T*T 


2.2.  BASIC  THEOREMS 
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Theorem  (Cauchy-Schwarz  Inequality):-  If  X is  inner  product  space  then 

i i 

\{x,y)\  < {x,x)2{y.y)2 

This  equality  holds  if  and  only  if  x and  y are  linearly  depedent. 

Proof.  Continuity  of  Inner  Product-If  in  an  inner  product  xn  ->  x and  yn  -»  y.  Then  (xn,yn)  ->  (x,  y) 

Reiszre-Presentation  Theorem:  Let  (p  be  a continuous  linear  functional  on  a Hilbert  space//.  Then  there  is  a 
unique  z £ H such  that  <p(x)  — {x,  z)  for  all  x £ H 

Bounded  Inverse  Theorem-Let  T:  V ->  W be  a bounded,  linear  and  bijective  operator  from  Banach  space  V into 
Banach  space  W then  the  inverse  operator  T_1:  W ->  V is  also  bounded. 

Principle  of  Uniform  Boundness:  Let(Tn)  be  sequence  of  bounded,  linear  operator  Tn:  X — > Y from  a Banach 
space  X into  a normed  space  Y such  that  is  bounded  for  every  x £ X , say 

\\Tnx\\  < CNn  = 1,2 

Where  CN  is  real  number,  then  the  sequence  of  the  norms  ||!rn||is  bounded,  that  is  there  is  C a such  that||Tn||  < C 

Weierstress  Approximation  Theorem  (Polynomial)  - The  set  of  all  polynomials  W with  real  coefficient  is 
dense  in  real  space  C[a,  b].  Hence  for  every  x £ C[a,  b]  and  given  £ > 0 there  exist  a polynomial  P such  that  \x(t)  — 
P(t)  | < £ for  all  t £ C[a,  b ] 

Proof  in  [1],  [2]  and  [3] 

3.  SPECTRAL  THEORY  OF  BOUNDED  SELF-ADJOINT  LINEAR  OPERATORS 

3.1.  Spectral  Properties  of  Bounded  Self-  Adjoint  Linear  Operators 

3.1.1.  Definition 

Let H1  and  H2  be  complex  Hilbert  spaces  and  T:  If  — > H2  bounded  linear  operator.  Then  the  Hilbert-adjoint 
operator  T*\  H2  — > //]  defined  to  be  the  operator  satisfying. 

(Tx,y)  = (x,  T*y)  for  all  x,y  £ H 

3.1.1.  Theorem 

If  (H1  — H2  = //),  then  T*  exists  as  bounded  linear  operator  of  norm 
II  T*  ||  = ||  T ||  and  is  unique. 

Proof.  Let  H be  complex  Hilbert  spaces  and  T*  be  operator  we  need  to  show: 

• T*  bounded. 

• T*  linear  operator 

• T*  is  unique. 

Take  ye  H and  T £ /?(//)  . We  define  a bounded  linear  functionalA'on  H by  x' {x)  — ( Tx,y ) X/x,y  £ H =>  X' 
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bounded  since  | x'(x ) \—\(Tx,y)\<\\Tx\\\\y\\. 

By  Riesz-representation  theorem  there  is  unique  z £ 11  such  that  x'(x)  = (x,z)  for  all  x E H.  here  weobserve 
that  y and  z must  have  a certain  relation  so  we  can  define  an  operator  T*y  — z satisfy!  ng(7*,y)  = (x,  T*y ) for  all  x E H. 

Now  let’s  see  7*  Linear.  Let  yx,  y2  E H and  a,f>EC,soVxEH 

(x,T*(ay1  + /?y2)>  = (Tx,  ay1  + jSy2>  =(Tx,ay1)  + (Tx,fy2 ) 

= a(Tx,y1)  + P(Tx,y2)  = (x,aT*yf)  + (x,/3T*y2)  = (x,aT*y1  + fT*y2) 

=>  T*(ay1  + fy2)  = aT*y1  + fT*y2. 

■ ■ T * Linear  operator. 

We  want  show  that  the  uniqueness  of ||  T * ||  = ||  T ||.  Let  y E H 
\\ry\\2  = (ry,ry)  = (y,TT*y)  < ||y|| ||7T*y||  < ||y|| ||T|| ||7"yll 
=>  ||7’*y||  < ||y||||T||,  This  shows  that  T*  is  bounded 

=>iim  <117*11  (i) 

Similarly,  let*  E H 

\\Tx\\2  = (Tx.Tx)  = (x,T*Tx)  < ||x|| \\T*Tx\\  < \\x\\\\r\\\\Tx\\  =>  ||T*||  < ||*||||r|| 

=»ll  T ||  <||  T*  ||  (2) 

Combining/ 1)  and  (2)  we  get 

II  T ||  = ||T  ||.  ■ 

3.1.2.  Definition 

A bounded  linear  operator  7:  H ->  H on  acomplex  Hilbert  space  H is  said  to  be  self-adjoint  or  hermitian,  if 
7 = 7*.  Equivalently,  a bounded  linear  operator  7 is  said  to  be  self-adjoint,  if  (Tx,y)  — (x,  Ty)  Mx,  y E H. 

3.1.2.  Theorem 

Let  T:H  ->  H be  a bounded  linear  operator  on  a Hilbert  space  H.  Then 

• If  T is  self-adjoint,  then  (Tx,x)  is  real  for  all  x E H 

• If  H is  complex  and  (Tx,  x)  is  real  for  all  * EH,  then  the  operator  T is  self-adjoint 
Proof.  1.  If  T is  self-adjoint,  then  for  all  * 

(Tx,  x)  = (x,Tx)  (1) 

By  definition  (Tx,y)  — (x,  T*y)  and  since  T is  self-adjoint,  we  have: 

<7*,  x)  = (x,  Tx)  (2) 

Combining  equation  (1)  and  (2)  gives 
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( Tx,x ) = (Tx,x) 

Hence  (Tx,x) is  equal  to  its  complex  conjugate  which  implies  that  it  is  real.  If  (Tx,x) is  real  for  all  x £ H,  then: 

( Tx,x ) = (Tx,x)  = (x,T*x)  = (T*x,x)  . Hence  0 = (Tx,x)  - (T*x,x)  = ((T  - T*)x,x)  . Thus,  T - T*  = 0 . 

Therefore  T — T* 

Remark  1:  If  T Self-adjoint  or  unitary,  then  T is  normal;  in  general  the  converse  is  not  true. 

Example  1:  If /://—>  H is  identity  operator,  then  T — 2 il  is  normal,  since  T*  = —2 il,  so  that  7T*  = T*T  = 4 1 

but  T ± T*  and  T*  * T_1  = —iI 

2 

3.1.3.  Theorem 

Let  T:  H ->  H be  a bounded  self-adjoint  linear  operator  on  complex  Hilbert  space  H.  Then: 

• All  the  eigenvalue  of  T are  real. 

• Eigenvectors  corresponding  to  distinct  eigenvalue  of  T are  mutually  orthogonal. 

Proof,  a):  Let  A be  any  eigenvalue  of  T and  x a corresponding  eigenvectors.  Then  x ^ {)  &iTx  = Ax  =>  A(x,  x)  — 
(Ax,x)  = (Tx,x)  — (x,T*x)  = (x,Tx)  — ( x,Ax ) — A ( x,x ),  using  the  self-adjointness  of  T. 

=>  A(x,  x)  — A{x,  x)  — 0 

=>  (A  — ?i){x,x)  — 0.  Here  ( x,x ) = ||x||2  A 0 

A = A 

• Let  A &.  n be  eigenvalues  of  T and  let  x and  y be  corresponding  eigenvectors.  Then  Tx  — Ax  and  Ty  — /iy  since 
T is  self-adjiont  and  [i  real. 

A(x,y)  — ( Ax,y ) = ( Tx,y ) — (x,T*y)  — ( x,Ty ) = (x,^y)  = , u(x,y) 

=>  A(x,y ) — n(x,y)  — 0 
=>  (A  — ii)(x,y)  = 0,  A A /r 
{x,y)  = 0 i.e  x L y 

Example  4:  T = (1  2+  . 1 1 

Spectrum  of  (A)  = {0,3}  distinct  real  numbers  with  eigenvectors. 
xx  — [ and  x2  — i respectively 

Finally  (x1,x2)  = xf'  xf,  = [—1  + i 2]  ^ ^ = 0.  So  the  eigenvectors  are  orthogonal. 


3.1.4.  Theorem 
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Let  T:  H ->  H be  a bounded  self  -adjoint  linear  operator  on  a complex  Hilbert  space//.  Then  a number  X belongs 
to  the  resolvent  set  p(T ) of  T if  and  only  if  there  exists  a c > 0 such  that  for  ever  xeH 

\\Txx\\>c\\x\\Tx  = T-Xl 

Proof:  =>)  Suppose  that  Xe  p(T ),  Rx  — T^1X:  H -»  H exists  and  is  bounded  set  ||/?^||  = k where  k > 0,  since 
Rx  ^ 0 now  I =RXTX,  so  that  for  every  x G H 

=>  Txx  = y,  =>  x — T~xxy,  since  Rx  = T~xx 

=>  * = RJa* 

=>\\x\\  = \\RxTxx\\<Z\\Rx\\\\Txx\\  = k\\Txx\\ 

=>\\x\\<Zk\\Txx\\ 

=>  IIT’a^II  > ^||x||,  where  c = £ 

IM  > c||*|| 

3.1.5.  Theorem 

The  spectrum  cr(7')  of  a bounded  self-adjoint  linear  operator  T.  II  —>  II  on  a complex  Hilbert  space  H is  real. 

Proof:  By  theorem  2.1.5  we  show  that  a X = a + i(3  (a,  [3  real ) with  (3  ^ 0 which  belongs  to  p(T)  so  that 
a(T ) c E. 

(Txx,x)  — (Tx,x)  — X(x,  x)  for  all  x G H (1) 

Since  (Tx,x)  and  (x,x)  are  real 

(Txx,  x)  — (Tx,x)  — X(x,  x),  here  X = a — if  (2) 

Subtract  equation  (2)  from  (1) 

(Txx,x)  - ( Txx,x ) — (A  — X)(x,x)  = 2i/?||x||2 
So  that 

-2iIm(TAx,  x)  — 2t/?||x||2 

-Im  (Txx,x)  = (3\\x\\2 

\(3\\\x\\2  = \lm(Txx,x)\<\\Txx\\\\x\\ 

l£lll*ll  ^ \\Txx\\,for  ||x||  * 0. 

If  (3  0,  then  X G p(T).  Hence  for  X G <r(T ) we  must  have  (3=0.  i.e  X is  real 


3.2  Further  Spectral  Properties  of  Bounded  Self-Adjoint  Linear  Operators 
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3.2.1  Theorem 

The  spectrum  a(T ) of  a bounded  self-adjoint  linear  operator  T\H-*H  on  a complex  Hilbert  space  H lies  in  the 
closed  interval  [m,M]  on  the  real  axis,  where 

m = infM=1(Tx,x)  M = supM=1(Tx,x) 

Proof:  <j(T ) lies  on  the  real  axis.  We  show  that  any  real  A — M + c with  c > 0 belongs  to  the  resolvent  set  p(T). 
For  every  x ^ 0 and  v = ||x||_1x  we  have  x — \\x\\v  and 

(Tx,x)  — ||x||2(Tt;, v)  < \\x\\2sup^=1{Tv,v)  — ( x,x)M 

Hence  —(Tx,x)  > —(x,x)M  and  by  Cauchy-Schwartz  inequality  we  obtain 

117^x1111*11  > — (Txx,x)  — —(Tx,x)  + A(x,x)  — —(x,x)M  + A(x,x) 

> (— M + X)(x,x)  — C||x||2 

=>\\Tax\\\\x\\ZC\\x\\2.\\x\\*0 

\\Tax\\  > C||x|| 

A £ p(X) 

3.2.2  Theorem 

For  any  bounded  self-adjoint  linear  operator  T on  a complex  Hilbert  space  H we  have: 

\\T\\  = max(|m|,  |M|)  = supM=1\(Tx,x)\ 

Proof.  By  the  Cauchy-Schwarz  inequality 

supm=1\(Tx,x)\  < supM=1||Tx||||x||  = \\T\\,  wher eK  = supM=1\(Tx,x)\.  Hence,  K < ||T|| 

We  want  show  ||T||  < K.lfT z = 0,  thenO  < ifllzll2  =>  \\Tz\\  < K Vz  £ H , \\z\\  — 1.  Otherwise  Tz  ^ 0 for  any  z 
1 1 

of  norm  1.  v = UTzll^z  and  w — ||Tz||_2Tz.  Now  sety1=v+w  andy2  = v — w.  T is  self-adjoint 

(Tyi.yi)  - (Ty2,y2)  = 2«Tv,w>  + (Tw,v)) 

= 2((Tz,  Tz)  + ( T2z,z )) 

= 2((Tz,Tz)  + (Tz,  Tz)) 

= 2(2(Tz,Tz))  = 4(Tz,Tz)  = 4||7z||2  (1) 

Now  for  every  y & 0 and  x = ||y||_1y  we  have  y = ||y||x  and 

\(Ty,y)  I = ||y||2K7'x,x)|  < ||y||2sup||X||=1|(Tx,x)|  = ffllyll2,  so  that  by  the  triangle  inequality. 

\(Tyi,yi)  - (Ty2,y2)\  ^ K^yi-yi>l  + \(Ty2,y2)\ 

< myi\\2  + 1 1 y2 1|2)  < 2K(\\V\\2  + Ikll2)  = 4K\\Tz\\  (2) 

Combining  (1)  and  (2)  we  get 
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M\Tz\\2  < m\Tz\\,  \\Tz\\  * 0 

||Tz||  < K by  taking  supremum  over  all  z of  norm  1. ||T||  < K and  K < ||T|| 

\\T\\  = K = max(\m\,  |M|)  = supm=1\(Tx,x)\  m 

3.2.3  Theorem. 

The  residual  spectrum  <Jr(T ) of  a bounded  self-adjoint  linear  operator  T:  II  —>  II  on  a complex  Hilbert  space  H is 

empty 

Proof.  Suppose  noterr(T)  A 0.  Let  A £ err(T).  By  definition  of  ar(T),  the  inverse  of  T?  exists  but  its  domain 
is  not  dense  in H . Hence,  by  the  projection  theorem  there  is  a y ^ 0 eH  which  is  orthogonal  to£> (T-1^), 
but  SCT^jis  a range  of  T%,  hence,  (T^x,y)  — 0,V  x £ H.  since  A is  real  and  T self-adjoint,  we  obtain  (x,T^y)  = 0 Vr. 
Taking  x = T^y  we  get||7jiy||2  = 0,  so  that7\y  — Ty  — Ay  — 0,  since  y 0.  This  shows  that  A is  an  eigenvalue  ofT,  but 
contradictsA  £ crr(T).  Therefore  (T)  = 0 m 

3.3  Positive  Operators 

In  this  section  we  can  see  the  definition  of  partial  order  is  a binary  relation  “<”  over  a set  P which  is  reflexive, 
antisymmetric,  and  transitive  i.eVa,  b,c  £ P.  We  have  that: 

• a < a ( Reflexive) 

• if  a < b and  b < a then  a = b (Antisymmetrive) 

• if  a < b and  b < c then  a < c (Transitive) 

3.3.1.  Definition. 

Abounded  linear  operator  T:  H ->  H is  called  a positive  operator  if  and  only  if  T self-adjoint  and  (Tx,x)  il 
0 for  all  x £ H.  A bounded  linear  operator  T:  II  —>  II  is  said  to  be  positive,  written 

T^Oif  and  only  if  (Tx,x)  0 for  all  x £ H 

Remark  2:  The  sum  of  positive  operators  is  positive.  Every  positive  operator  on  a complex  Hilbert  space  is  self- 

adjoint. 

The  following  theorem  is  like  the  familiar  statement  about  real  numbers  which  says  that  when  you  multiply  two 
non-negative  real  numbers  the  result  is  a non-negative  real  numbers. 

3.3.1  Theorem 

Let  S and  T be  a positive  and  self-adjoint  such  that  ST  = TS . Then  their  product  ST  is  also  self-adjoint  and 

positive. 

Proof.  Since  ( ST )*  = T*S*  — TS  we  see  that  ST  is  self-adjoint  if  and  only  if  ST  — TS . We  show  that  ST  is 
positive.  This  is  true  for  n — 0.  Assume  it  is  true  for  any  n.  We  consider 

Sr  = lkliS’Sn+i  =Sn-  Sn2  (n  = 1,2,3 ) (*) 
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and  prove  by  induction  such  that  0 ^ Sn  ^ / (**) 

• For  n = 1 the  inequality  (**)  holds.  Indeed,  the  assumption  0^5  implies  S1  ^ I is  obtained  by  application  of  the 
Schwarz  inequality  ||S*||  = ||s||||x|| 

(S^.x)  = = jjjjf llsx||||x||  ^ \\x\\2  = (I x,x) 

=>  S1  ^ /. 

Suppose  (**)  holds  for  any  = k that  is  0 ^ Sk  ^ I.  Thus,  0 ^ I — Sk  ^ I. 

Since  Sk  is  self-adjoint,  for  every*  E II  &y  — Skx,  we  obtain 
(Sk\l  -Sk)x,x)  = (0  -Sk)Skx,Skx)  = <(/  -Sk)y,y)  0. 

By  definition  this  proves  Sk2(l  — Sk ) §;  0.  Similarly,  Sk(I  — Sk )2  0. 

Since  Sk  is  self-adjiont.  It  is  clear  that  from  remark  (2)  sum  of  positive  operator  is  positive. 

0 =£  Sk2 0 - Sk)  +Sk(I-  Sk)2  =sk-  sk2  = sk+1. 

Hence  0 ^ Sk+1  and  Sk+1  ^ I follows  from  Sk2  §;  0 and  I — Sk  §;  0 

• We  now  show  that  (STx,x)  i;  0 for  all  x £ H.  Form  (**)  we  obtain  successively 
Si  = S42  + S2,S2  = S22  + S3,S3  = S32  + S4,  S4  = S’!2  + S22  + S32  + S4,  •••, 

sn  = S42  + S22  + S32  + S42  -I h sn2  + sn+1 

Since  Sn+i  = 0 this  implies 

Si2  + S22  + S32  + S42  -I h Sn2  = S4  - Sn+1  ^ S1 

By  the  definition  of  5=  and  self-adjiontness  of  S/s 

T.U\Sj42  = Tj=r{SjX,SjX)  = J,1=i(Sj2x,x)  ^ {Srx,x) 

Since  n is  arbitrary,  the  infinite  series  US!*!!2  + ||S2*||2  + ••• 

limn^oo  Z/=i||S,*||2  = IIS!*!!2.  Hence  lim^ocS^*  = Sx.{jT=1Sj2)x  = (S4  - Sn+1)*  Sxx 
Sj2)x  = lim^^CS!  -Sn+1)*  ^S4*. 

All  the  Sj's  commute  with  T since  they  are  sums  and  product  of  S1  = 1 1 S 1 1 “ 1 S , S and  T commute.  Using  S — 
IlSlM^S,-2)*  = (S4  — Sn+1  )*  ->  SlX,T  0 and  the  continutity  of  inner  product,  we  thus  obtain  for  every  * £ 
H and  yj  = Sjx(STx,x)  = HSIKTSi*,*}  = \\S\\\imn^00'Z1j=i(TS2x,x)  = \\S\\limn^00'Zj=1(TyJ,yj)  ^ 0 

(STx,x)  il  0,  then  ST  are  positive.  ■ 

3.3.2.  Definition 

A monotone  sequence  (Tn)  of  self-adjoint  linear  operators  7jjOii  Hilbert  space  H is  a sequence  (Tn)  which  is  either 
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monotone  increasing,  that  is, 

r,^r2gr3g  - 

Or  monotone  decreasing,  that  is, 

Tl^T2^T3^  - 

The  following  theorem  is  a generalization  of  the  familiar  fact  that  if  you  have  an  increasing  sequence  of  real 
numbers  which  is  bounded  above,  then  the  sequence  converges 

3.3.2.  Theorem 

Let(Tn)  be  a sequence  of  bounded  self-adjoint  linear  operators  on  a complex  Hilbert  space  H such  that 

Where  K is  bounded  self-adjointlinear  operator  on  H.  Suppose  that  any  7j  commutes  with  K and  with  every  7j„. 
Then  (Tn)  is  strongly  operator  convergent  (Tnx  ->  Tx  for  all  x 6 If)  and  limit  operator  T is  linear,  bounded  and  self- 
adjoint  and  satisfiesT  2=  K. 

Proof.  We  consider^  — K — Tn.  The  sequence  ({Sn2x,  x)')  converges  \/x  £ H;Tnx  — > Tx,  where  T is  linear,  self- 
adjoint  and  bounded  by  uniform  boundnees  theorem  (Sn2x,x)  = (Snx,  Snx)  — (x,Sn2x).  Therefore,  Sn  is  self-adjoint? 
Sm2  — SnSm  = (Sm  — Sn)Sm  — (Tn  — 7jn)(/c  — Tln).  Let  m < n.  Then  Tn  — Tm  and  K — Tm  are  positive  by  (*),  since  these 
operators  commute,  their  product  is  positive.  Hence  on  the  left  Sm 2 — SnSm  i;  0,  that  is  Sm2  i;  SnSm  for  m < n. 

Similarly  SnSm  - Sn2  = Srl(Sm  - Sn)  = (k  - Tn)(Tn  - Trn)  ^ 0.  So  that  SnSm  ^ Sn2 , together  Sm2  ^ SnSm  ^ 
Sn2 , m < n.  By  definition,  using  the  self-adjointness  of  Sn 

( Sm2x,x ) ^ ( SnSmx,x ) ^ ( S2x,x ) = ( Snx,Snx ) = ||5nx||2  ^ 0.  (**) 

This  show  that  ( (Sn2x,x ))  with  fixed  x is  a monotone  decreasing  sequence  of  non-negative  numbers.  Hence, 
{fSyf’x,  x))  converges  \/x  £ H. 

We  show  that  Tnx  —>  Tx  is  converges.  By  assumption,  every  Tn  commute  withevery  Trn  and  with  K.  Hence  the 
Sjs  all  commute.  These  operators  are  self-adjoint,  since  —2(SnSmx,x)  2=  —2 (Sn2x,x)  by  (**)  where  m < n 

\\Smx  - Snx ||2  = ((5m  - Sn)x,  (. Sm  - Sn)x) 

= {{Sm-  Sn)2x,x) 

— (Sm2x,x)  — 2 (SnSmx,x)  + (Sn2x,x) 

^ (Sm2x,x)  - ( Sn2x,x ). 

Since  ( Snx ) is  Cauchy  sequence  in  H is  completes.  We  show  that  T is  self-adjoint  because  Tn  is  self-adjoint  and 
the  inner  product  is  continuous. 

(Tx,x)  — lim  n^oo(Tnx,x)  = limn^00(x,  Tnx)  = (x,Tx). 
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We  show  that  7 is  bounded.  Now  we  must  show  that  7 is  bounded  and  ( Tnx ) converges  to  it  supn\\Tnx\\  must  be 
finite  for  every  x,  there  is  M such  that  M > 0. 

=>\\Tn\\  <M,Vn 

=>  \\Tnx\\  <M\\x\\ 

=>  lim^^oo ||  < M\\x\\  this  implies  ||7;c||  < M||x||. 

Hence  7 is  bounded,  by  uniform  boundness  theorem.  Finally  (Tx,  x)  = lint n-,oo(Tnx,  x)  ^ (Kx,x).  Therefore 

7 g K m 

3.4.  Square  Roots  of  Positive  Operators 
3.4.1.  Definition 

Let  T\H->H  be  positive  bounded  self-adjoint  linear  operator  on  complex  Hilbert  space  H.  Then  a bounded  self- 

adjoint  operator  A is  called  a square  root  of  7 if.  A2  — 7.  In  addition,  A i;  0,  then  A is  called  a positive  square  root  of  7 and 

1_ 

is  denoted  by  A — 77  exists  and  unique. 

3.4.1.  Theorem 

Every  positive  bounded  self-adjoint  linear  operator  7:  H ->  H on  a complex  Hilbert  space  H has  a positive  square 
root  A,  which  is  unique.  This  operator  A commutes  with  every  bounded  linear  operator  on  H which  commutes  with7. 

Proof,  a)  We  show  that  if  the  theorem  holds  under  the  additional  assumption  7 ^ I it  also  holds  without  that 

1_ 

assumption.  If  7 = 0,  we  can  take  A — 77  = 0.  Let  7 0 by  Cauchy-Schwarz  inequality. 

(Tx,x)  g MM  ^ imiHxll2  = (Ix,x) 

i—x,x)  — (lx, x), since  ||7||  0 set  Q — f—Y  We  obtain 

( Qx,x ) tk  ||x||2  = ( Ix,x ) that  is  Q fk  I. 

1 1_  1_  1 

Assuming  that  Q has  a unique  positive  square  root.  B = Q*  we  have  B2  — Q and  T — 11711(2  =>  77  = ||7||2~ = 

2_ 

T^B  — 1 1 7 1 1 Z?2  = || 7 1|  Q = 7.  Hence  if  we  prove  the  theorem  under  the  additional  assumption  7 ^ /. 

1_ 

• We  obtain  the  existence  of  the  operator  A = 77  from  Anx  — > Ax  where  A0  = 0 & 

An+i=An  + 1-(T-An2)n=  0,1,2,...  (t) 

We  consider(t),  since  A0  — 0,  we  have  A1  —^T,A2  — 7 — ~72  ... ., 

An+i  = An  + 1-(T-An2)n  = 0,l,2,... 

Each  Anis  polynomial  in7,  and  they  also  commutes  with  7.  We  now  prove 

An^ln=  0,1,2, ...  (ii) 
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An  ^ An+1  n — 0,1,2, ...  (in) 

i_ 

Anx  ->  Ax,  A = T 2 (iv) 

ST  = TS,  =>  AS  = SA  (v) 


Where  S is  a bounded  linear  operator  on  H. 

Proof  (ii).  This  is  true  for  n = 0.  Assume  true  for  n.  Since  / — An_jis  self-adjoint 
( I — An_ i)2  0.  Also  T I.  This  implies  I — T 0.  From  this  (i)and  we  obtain(ii). 

0 ^-(I  - An_J2  + \(I  -T)  =I-An_1-1-(T-An_12)  — I — An. 

=>  0 ^ - An. 

1 

Proof  (iii).  We  use  induction  (t)  gives  0 = A0  ^ A1  = -T 

We  show  that  An_1  ^ An  for  fixed  n implies  An  ^ An+1  from  ( i ) we  have; 

A„+1  - A„  = An  + \ (T  - An2)  — An_1  —^(T  — A n_x2) 

= An-1-An2-An_1  + 1-An_12 
= An-An_1-1-An2  + 1-An_12 
^(An-An_1)[\-\{An+An_1')} 

= (An-An_Jl-\(2I)]  = Q. 

Hence  An  — An_1  §;  0 and  (I  ~~  (An  + An_x)  0. 

Therefore  An  tk  An+1  n = 0,1,2, .... 

Proof  (iv).(An)  Monotone  increasing  by  (iii)  and  An  ^ I by  (it).  Hence  (by  the  theorem  monotone  sequence) 
implies  the  existence  of  a bounded  self-adjoint  linear  operator  A.  Such  that  Anx  ->  Ax  for  all  x EH , since  (Anx) 
converges  (i)  gives 

An+1x  — Anx  — ^ (Tx  — An2x ) ->  0 as  n ->  oo 
7%  — A2x  = 0 Vx. 

Tx  — A2x,x  ^ 0.  Hence  T — A2.  Also  A i;  0.  Because  0 = A0  ^ An  by  (tit) 

=>  limn^00(Anx,x)  = limn_>0O(;c,  Anx)  = (x,Ax)  =(Ax,x)  i;  0,  by  continuity  of  inner  product 
Proof (u).  Let  S £ L(H,  II)  be  any  linear  operator  that  commute  with  A.  SAn  — AnS,  Vn 
SinceAn  — > A,  AnSx  ->  ASx.  Using  continuity  of  inner  product  ofS, 

lim^oo  SAnx  = S lim^oo  Anx  = SAx  = lim^^  AnSx  = ASx.  Hence  ST  = TS  =>  AS  = SA 
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• Uniqueness:  Let  both  A and  B be  positive  square  root  of  T.  ThenA2  — B2  — T.  Also  BT  — B2B  — BB2  = TB.  So 
that  AB  = BA  by  ( v ).  Let  x E H be  arbitrary  and  y — {A  — B)x.  Then  ( Ay,y ) §;  0 & (By,y)  i;  0,  because  A i; 
0 & B il  0.  Using  AB  — BA  & A2  = B2  we  obtain  (Ay,y)  + (By,y)  = ((A  + B)y,y)  = ((A2  — B2)x,y)  — 0. 

Hence  (Ay,  y)  = (By,  y)  — 0 , since  A i;  0 and  A is  self-adjoint.  It  has  itself  a positive  square  root  C , that  is 
C2  — A and  C is  self-adjoint.  We  obtain:  0 = (Ay,y>  = (C2y,y)  — ( Cy , Cy)  — ||Cy||2  and  Cy  — 0,  also  Ay  = C2y  = 
C(Cy)  = 0. 

Similarly,  B §;  0 and  B is  self-adjoint,  it  has  itself  a positive  square  root  D . That  is  D2  — B and  D is  self- 
adjiont.O  = ( By,y ) — ( D2y,y ) = ( Dy,Dy ) = ||Dy||2  & Dy  — 0,  also  By  = D2y  = D(Dy ) = 0.  Hence  By  = 0,  since!?  it 
0 . Hence  (A  — B)y  = 0,  using  y — (A  — B)x,\/  x E H.  || Ax  — Bx\\2  = ((A  — B)2x,x)  = ((A  — B)y,x)  = 0.  Hence 
A — B.  Then  A is  unique.  ■ 

Example  5 

Let  T : L2  (0,1)  ->  L 2 (0,l)be  a linear  operator  defined  by 
Tf(x ) = xf(x)  for  all  f £ L2(0,l),/or  all  x £ (0,1) 

• Show  that  T is  a positive  operator. 

• Find  the  lower  and  upper  bounds  of  T. 

• Find  norm  of  T. 

Solution,  (a)  For  all  / £ L2(0,1)  we  have  that.  T is  self-adjoint 

(Tf,g)  = Jo  xf  (xg(x)^  dx  = f*  f(x)xg(x)dx  = ( f,Tg ) V f,g  £ L2(0,1) 

(Tf,f)  = fg  xf(xf(x))  = f01xlf(x)l2dx  ^ 0. 

Therefore  T is  positive  operator. 

• First  we  Notice  that 


M = supm=1(Tf,f)  = supm=1fQ  x\f(x)\2dx  ^ supm=1fQ  \f(x)\2dx  = 1 

We  prove  that  M — 1,  consider 

( 0,  if  x £ [0,1  — e) 
f£(x)  = I -l 

(e  2 , if  x £ [1  — e,  1] 


|2  = Jl  £ s xdx  = 1 & 


M = (Tfe.fe)  = f*x\fex\2dx  = $l_E-£dx  =X—\\- 
M = 1. 


1— (1— e)2 
2 £ 


= 1 


We  proceed  similarly  in  order  to  prove  that  m — tn/||^n=1(T/,/>  = 0 using  the  function 


NAAS  Rating:  3.00-  Articles  can  be  sent  to  editor @impactjournals.us 


121 


Spectral  Properties  of  Self-Adjoint  Linear  Operators 


g£(x)  = 


■ -l 

£2  , if x £ [0,  e] 
0,  if  x £ [e,  1] 


Hence,  m — 0 


(c)  ||P||  = max(|m|,  |M|)  = sup||/||=1K7'/,/)|  = 1 

4.  PROJECTIONS 

4.1.1  Definition 


Let  H be  a Hilbert  space  over  Complex  number.  A bounded  linear  operator  P on  is  H called: 

• a projection,  if  P2  =P 

• An  orthogonal  projection,  if  P2  = P and  P*  = P. 

Note 

The  range  Pan(P)  = P(II)  of  a projection  on  a Hilbert  space  H always  is  a closed  linear  subspace  of  H on  which 
P acts  like  the  identity.  If  in  addition  P is  orthogonal,  then  P acts  like  zero  operator  on(P(P))-L. 

If  x — y + z with  y £ R(P)  and  z £ (P(P))1  = N (P)  is  the  decomposition  guaranteed  by  the  projection 
theorem,  then  Px  — y.  Thus  the  projection  theorem  sets  up  a one  -to  -one  correspondence  between  orthogonal  projection 
and  closed  linear  subspaces. 

x = y + z = Px  + ( I — P)x 

This  show  that  the  projection  of  H onto  YL  is  I — P 

4.1.1.  Theorem 


A bounded  linear  operator  P:  H ->  H on  a Hilbert  space  H is  a projection  if  and  only  if  P is  self-adjoint  and 
idempotent. 

Proof.  (=>)  Suppose  that  P is  a projection  on  H and  denote  P(H)  by  Y . Then  P2  — P because  for  every  x £ 
H and  Px  = y £ Y we  have;  P2x  — Py  — y,  hence  P2x  = Px  =>  P2  — P is  idempotent.  Now  consider  any  two  vectors 
x1,x2e  H,  from  decomposition  we  can  writer  = yx  + zx  and  x2  — y2  + z2,  where  y1;y2  £ Y = R(P ) and  z1;z2  £ T1  = 
A1(P)  . Then,  (y1,z2)  = (y2,z1)  = 0,  because  TIT1.  We  show  that  P is  self-adjoint;  (Px1,x2)  — (ylty2  + z2)  — 
(yi,y2)  = (y!  + z1;y2)  = (x1,Px2).  Hence,  P is  self-adjoint. 

(<=)  Suppose  that  P is  self-adjoint  and  idempotent,  denoted  P(H)  by  T.  Then  for  every  x £ H 

x — Px  + (/  — P)x 

Orthogonality;  T = P(H)  1 (7  — P)(//),  follows  from: 

(Px,  (/  — P) v)  — (x,P(I  — P)v)  — (x,Pv  — P2 v)  — (x,  0)  = 0. 

Let,  Q — (/  — P) , y c kerQ  can  see  from  QPx  — Px  — P2x  — QPx  = 0.  Next,  y =)  ker  Q , Qx  — x — Px  => 
Qx  — x.  Hence  T = (0),  since  {0}  is  closed,  so  inverse  image  {x:  QPx  — 0}  = kerQ.  Hence  T is  closed  subspace  of  H. 
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Therefore,  Y is  projection  on  H. 

4.1.2.  Theorem 

For  any  projection  Y on  a Hilbert  space  H. 

• ( Px,x ) = ||Px||2 

• 0 < P < / 

• \\P\\*l;\\P\\  = lifPOD*{0} 

Proof. 

• (Px,x)  = (P2x,x)  = (Px,Px)  = ||Px||2 

• 0 < ||Px||2  = (Px,Px)  = (Px,x)  < \\x\\2  = (x, x)  — I =>  0 < P < I 

• By  using  Schwarz  inequality; 

(Px,x)  ^ ||x||2 

||Px||2  = ||x||2, since  ||x||  ^ o 

\\P\\^l,Vx£H  (1) 

||P*||  = ||P(P*)||g||P||||Px|| 

||Px||  ^ ||P||||Px||, since  ||P||  ^ o 

1 ^ ||P||  ...  (2) 

By  combining  (1)  and  (2)  we  get ; ||P||  = 1 ■ 

4.1.3.  Theorem 

Products  projections  on  Hilbert  space  H are  satisfying  the  following  two  conditions: 

• P — P,  P2  is  projection  on  H if  and  only  if  the  projections  P,  and  P2  commute.  Then  P projects  H onto  Y — 
Y1f)Y2  where  Yj  = P;-(7f). 

• Two  closed  subspaces  Y and  V of  II  are  orthogonal  if  and  only  if  the  corresponding  projections  satisfyPrPy  = 0. 

Proof.  I(<=).  Suppose  that  P1  and  P2  commute,  then  show  that  P is  self-adjiont  and  idempotentP*  = (P{  P2)*  = 
P2*P1 * = P2Pj  = P, P2  = P . Hence  P*  = P,  then  P is  self-adjoint.  P2  = (P,P2)2  = (P1P2)(J\P2)  = PX'ZP22  = P1P2  = 
P2P\  — P ■ Then  P is  idempotent.  Hence  P is  projection.  Then  Px  = Pj  {P2x)  — P2  (P[X)  = x,  V x £ H.  Since  P±  projects  H 
onto  Y2 , we  must  have  : 

Px  — x = P1(P2x)  £ Y1 

Px  — x — P2(PiX)  E Y2 

Px  E Yt  f|  Y2  since  x E H was  arbitrary.  This  show  P projects  H into  Y = Y1  f|  Y2  . Actually  P projects  H 
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onto  Y.  Indeed,  ify  £ Y,  theny  £ Vj  and  y £ Y2.  Py  — P1P2y  — P\Y  — y.  Theny  E Y1  C\Y2  ,y  e Y Hence  Y — Vj  f|  Y2  ■ 

(=>)  . Suppose  P = P\P2  is  projection  defined  on  H . It  must  be  self-adjoint  (Py\,y2)  — {P\P2y\,y2) — 
{Piyi.PiYi)  = (Yi-PiPiYi)  = (yi.Pyi)-  Then  PrP2  = P2fj. 

II  (=>).  If  Y II/,  then  Y n V — {0}  and  PYPvx  — {0}  for  all  x £ H by  part  (a),  so  that  PYPV  — 0. 

(<=).  If  PYPV  — 0,  then  for  every  y £ Y and  v £ V . We  obtain  (y,v)  — (PYy,Pvv)  — (y,PYPv v)  — (y,  0)  = 0. 

Hence  Y 1 V.  m 

3.1.5  Theorem 

Let  P1  and  P2  be  projections  on  Hilbert  space  H.  Then: 

• The  sum  P — P1+P2  is  a projection  on  H if  and  only  if  Vj  = /j  (If)  and  Y2  = P2  (If)  are  orthogonal. 

• If  P — PY+P2  is  a projection,  P projects  H ontoT  = Yx  © Y2. 

Proof.  I(=>).  Suppose  that  P — P1+P2  is  a projection. 

Let  x EYy^  ||x||2  > ||(P1+P2)x||2  = <(P1+P2)*,(P1+P2)*> 

= ((P!+P2)2x,x)  = ((Pi+P^x.x) 

= {P^.x)  + (P2x,x) 

= ll^ll2  + (P22x,x) 

= \\x\\2  + \\P2x\\2^\\P2x\\  = 0. 

For  any  y £ Y2  and  £ Yy  (x,y)  — ( x,P2y ) — (P2x,y)  — (0,y)  = 0 =>  (x,y,)  = 0.  Therefore  Y1  1 Y2. 

(<=)  If  Y11Y2,  then  P2PY  — P1 P2  — 0 which  implies  P2  = P . Since  P2  and  P1  are  self-adjoint,  so  is  PY  + P2. 
Hence  P is  projection. 

II.  We  determine  the  closed  subspace  Y c H onto  which  P projects.  Since  PY  + P2,  V x £ H . y — Px  = PYx  + 
P2x.  Here  PYx  £ Vj  and  P2x  £ Vj  hence,  y £ Vj  © Vj. 

So  that; 

Y c Vj  © Vj.  (1) 

We  show  that  Y Vj  © Vj.  Let  v £ Vj  © Vj  be  arbitrary,  then  v — yi+y2,  here  yY  £ Vj  and  y2  £ Vj  applying  in 
P. Using  Vj  1 Vj,  thus  we  obtain:  pv  = Pi(yi+y2)  + P2(yi+y2)  = PiVi-  Hence, 

v £ Y and  Y d Vj  © Vj  (2) 

Combining  (1)  and  (2  ) we  have; 

Y = Vj  © Vj 

4.2  Further  Properties  of  Projections 
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4.2.1  Theorem 

Let  P,  and  P2  be  projections  defined  on  a Hilbert  Space  H.  Denote  by  Vj  — P1  (7/) and  Y2  = P2  (II)  the  subspace 
onto  which  H is  projected  by  P1  and  P2,  and  let  JV  (Pj ) and  JV'(P2)  be  the  Null  space  of  these  projection.  Then  the  following 
conditions  are  equivalent. 

• P 2 Pi  — P\P'z  — P 1 

• Vi  c Y2  =P1(H)  c P2(H) 

• JVG\)  =5  JV(P2) 

• l|Pi*ll  ^ \\P2x\\ 

• Pi  ^ p2 

Proof,  (ii  =>  i).  Suppose  Y1  c Y2  — P1  (//)  c P2  (II).  We  want  show  that  P2P1  — P1P2  — P1.  For  every  x £ II,  we 
have  Ptx  E Y1.  Hence,  Pxx  E Y2  by  (ii.)  P2(Piat)  — Pi*  =>  P2Pi  — Pi  =>  (P2PiT  — Pi*P2  — PiP2  — P2Pi  — Pi-  Since, 
is  self-adjoint.  Therefore,  Pt  = P±P2  — P1 . 

(i  =>  iv).  Suppose  P2P1  — P1P2  = P1.  We  want  show  that  HP^H  = ||P2at||  for  all  x E H 
=>  (Pj^x,  x)  < ||at||2,  since  P xx  — x 
=>  HPiXll2  < ||at||2,  for  all  x £ H 

=>  ||P1||2||x||2  < ||at||2,  ||at||  ^ 0.  We  have  1 1 Px 1 1 < 1 by  (1)  (Px,x)  = ||Pat||2 
=>11^*11  = 1^*11^1^111^*11^1^*11. 

Therefore,  ||P1x||  ^ 1 1 P2 x 1 1 

(iv  =>  v).  Suppose  llPi^H  ^ 1 1 P2 x 1 1 . We  want  show  that  P1  2=  P2 . From  (Px,x)  — ||Pat||2  and  (iv.)  in  present 
theorem  we  have  for  all  at  £ H.  {P^x,x)  — ||Pitt||2  = ||P2at||2  = (P2x,x) 

Therefore,  Pj  ^ P2by  definition  of  positive  operators. 

(v.  =>  iii.  )Suppose  P±  ^ P2.  We  want  show  that  W^)  J\f(P2).  Let  at  £ J\f(P2)  =>  P2at  = 0 by  (iii.)  sect.  2 and 

(v.)  in  the  present  theorem,  1 1 Px at 1 1 2 = (P1  at, at)  < (P2 at, at)  = (0,at)  = 0.  Hence,  Pxx  — 0, at  £ JVXPjJ.  Therefore,  N(Pi) 
=3JV(P2).  ■ 

4.2.2.  Theorem 

LetPx  & P2  be  Projections  on  a Hilbert  space  H.  Then 

• The  difference  P = P2  — P1  is  a projection  if  and  only  if  Vj  c F2  where  Yj  — Pj  (//). 

• If  P = P2  — Pi  is  a projection,  P projects  H onto  Y,  where  Y is  the  orthogonal  complement  of  Vj  in  Y2. 

Proof.(=>)  Suppose  that  P = P2  — P1  is  a projection.  We  want  to  show  that  Y1  c Y2.  If  P = P2  — P1  is  a projection. 
P = P2  =>  P2  - P1  = (P2  - Pi  )2  = P22  - P2PX  - P,P2  + Pi2. 
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P2  + P2P 1 — 2 Pi,* 

by  theorem  (2.2)  (i.).  Multiply  both  sides  by  P2  we  have: 

P 2 P]  P2  + P2  P-i  — 2 P2  P[ 

P1P2  + P2P1P2  — 2 P 1 P2 

Hence  P2P1P2  = P2 P{ , P2 P,  P2  = P,  P2  and  by  (*) 

Pi  = P1P2  = Pi  ** 

Therefore,  Y1  £ Y2. 

(<^)  Suppose^  c Y2,  where  Yj  = P,(//)  =>  P2  = (P2  - P1  )2  = P22  - P2P-l  - Pl  P2  + P2  = P2  - P1  . Therefore, 
P is  idempotent.  =>  P*  = (P2  — P1  )*  = P2  — P1  * = P2  — P1  . Therefore  P is  self-adjoint. 

P is  projection. 

(b)  T = P(//) consists  of  all  vectors  of  the  form 

(8)  Y — Px  — P2x  — Pxx  for  all  x E H 
Since  P2P1  = P1P2  = implies  Y1  c Y2 
P2y  = P2x  - P2Pxx  = P2x  -PlX  = y 
This  show  that  y£  Y2,  also  from  (8)  and  (1) 

PiV  = P1P2X  - Pi2x  = Prx  -P±x  = 0 

=>  Pty  — 0 

y e Wi)  = Yf 

Together  y E V where  V — Y2  n Yf,  since  the  projection  of  H onto  Yf  is  I — P1,  every  v E V 
is  the  form 

(9 ) v  = (/-P1)+  y2,  (y2  e y2) 

Using  again ,P2P1  — Pi,  we  obtain  from  (9),  since  P2y2  = y2 
Pv  = (P2  - PJC/  - Pf)y2 

= (p2  - P2P1  -Pi  + Pi2)y2 
— (P2  — P2P1  — P-\  p Pi)y2  ~ C p*2  - Pi )y2 
= P2y2-Piy2  = y2-Piy2  = v 

.-.  Pv  = v so  that  v E Y,  since  v £ T was  arbitrary 
Y 2 1/ 
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Y = P{H)  = V = Y2  n Y^ 

4.2.3.  Theorem 

Let  Pn  is  a monotone  increasing  sequence  of  projection  Pn  defined  on  a Hilbert  Space  H.  Then 

• (Pn)  is  strongly  operator  convergent,  say  Pnx  — > Px  for  every  x £ H,  and  the  limit  operator  P is  a projection 
defined  on  H. 

• P projects  H onto 

• p{h)  = u”  TKUn 

• P has  the  null  space 
JV(  P)  = D n=r  Wn) 

Proof  a)  Let  m < n,  by  assumption, Pm  ^ Pn,  so  that  we  have  Pm(Jf)  c Pn(H)  and  Pn  — Pm  is  projection.  Hence 
for  every  fixed  x £ H,  we  obtain  by  2.1.2 

\\Pnx  - Pmx\\2  = ||(Pn  - Pm)x ||2  = ((Pn  - Pm)x,x)  = \\Pnx\\2  - \\PmX\\2. 

Now  ||Pn||  < 1 by  3.1.2,  so  that  ||Pnx||  < ||x||  for  all  n . Hence,  (||Pnx||)  is  bounded  a sequence  of 
numbers. (||Pnx||)is  also  monotone  by  3.2.1.  Since(Pn)is  monotone.  Hence  lini,^^,  Pnx  — > Px  is  converges.  Since  (Pnx)  is 
Cauchy. 

||PB*-Pm*||  = ||(P„-Pm)*||  < l|P„-Pm||IWI 

=>  limjj^oo  Pnx  — Px,  since  H is  complete. 

The  linearity  of  P. 

P(ax  + fiy ) = lim^oo  Pn(ax  + fly) 

= lim^oo  (Pnax  + Pnpy ) 

= a lim^,*,  Pnx  + /?  lim,^  Pn  y 
— aPx + pPy 

^l|PnX||<||Pnlllkl|^||P„x||<||Pn||||x|| 

=>  HPn*ll  < 11*11 

=>  ||pn||  < ||x||.  Therefor  Pnis  bounded, 

( Pnx,x ) — {x,P^x)  = (x,Pnx)  , therefore  Pn  is  self-ad  joint,  and 

(P2x,x)  = (Pnx,Pnx)  — (x,Pnx)  — (Pnx,  x),  hence  Pn  is  projection. 

b).  We  determine  P(H').  Let  m < n.  Then  Pm  Pn,  that  is  Pn  — Pm  0 and  ((Pn  — Pm)x,x)  il  0.  The  continuity 
of  inner  product 

lim?i^oo((Pn  Pjn ) ^ > x ) limn^00(x,  ( [Pn  P^^x) 
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limn^oo(*.  (P  Pm)^') 

((P  - Pm)x,x)  ^ 0. 

That  is  Pm  ^ P and  3.2.1  yields  Pm(//)  c P(H ) for  every  m.  Hence  U Prn (II)  c P(7/).  Furthermore,  for  every  m 
and  for  every  x E H,  we  have,  Pmx  E Pm(H ) cu  Prn  (//).  Since  Pmx  — > Px,  Px  E U Pm  (IT).  Hence  P(II)  c U pm(//) 

U Pm(H)  c P(H)  c U Pm(W) 

=>  P(tf)  = J\f(7  - P)  = {0} 

=>  P(H)  = {0}is  closed 
PW  = U”=1Pm(H) 
c).  We  determine  J\f(P) 

J\f  (P)  = P(H)1  c Pn(H)-Lfor  all  n.  Since  P(H)  u Pn(H)  by  part  (b).  Hence  J\f  (P)  cn  Pn(H)L  =n  J\f  (Pn) 

=7  JV(P)  cn  J V(Pn)  (1) 

On  other  hand,  if  x £ n J\f(Pn),  then  x £ J\f(Pn)  for  all  n.  So  that  Pnx  — 0 and  Pnx  — * Px  =>  Px  = 0.  That 
is  x £ J\f  (P).  Since  x E K (Pn)  was  arbitrary. 

n J\f  (Pn)  c JV(P)  (2) 

By  combining  (1)  and  (2)  we  gets 

j\t(p)  = n”=1J\f(p„) 

Example  6 

Let  P:  C3  -»  C3  be  the  linear  operator  defined  by  P(x,y,z)  — (x, y,  0),  V x,y,  z E C3.  Then  P is  orthogonal 
projection. 

Solution 

Since  C3  is  finite  dimensional  P £ P(C3)  and  clealy  P2  = P. 

Follows  from  {Pix.y.z^.iu.v.w})  = xu  + yv  — ((x,  y,  z),  P(u,  v,  w/)>.  Then  P is  self-adjoint.  Therefore  P is 
projection.  Orthogonal  projection  of  P has :Imp  — {(x,y,  0):  x,y  £ C]  orthogonal  projection  P matrix  representation: 


1 

0 

0 

T = 

0 

1 

0 

.0 

0 

0- 

In  generally  a n X n diagonal  matrix  whose  diagonal  element  either  0 or  1 is  the  matrix  of  an  orthogonal 
projection  P(C3). 


5.  SPECTRAL  FAMILY 
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5.1.1  Definition 

A one -parameter  family  of  projection  is  called  spectral  family.  Spectral  family  can  be  obtained  from  the  finite 
dimension  case  as  follows.  Let  T:  H — > H be  a self-adjoint  linear  operator  on  a unitary  space  H — Cn.  Then  T is  bounded 
and  we  may  choose  a basis  for  H and  represent  T by  a Hermitian  matrix  which  we  denote  simply  by  T.  The  spectrum  of  the 
operator  consists  of  the  eigenvalues  of  that  matrix  which  are  real.  For  simplicity  let  us  assume  that  the  matrix  T has  n 
different  eigenvalues  Xr  < X2  < X3  < < An  . Then  theorem  1.1. 1(6)  implies  that  T has  an  orthonormal  set  of  n 

eigenvectors  x1,x2  ...xn  where  Xj  corresponding  to Xj  and  we  write  these  vectors  as  column  vectors.  This  a basis  for  H,  so 
that  every  x £ H has  a unique  representation 

x = Tj=  i YjXj , Yj  = (x,  Xj)  = xTYj  (1) 

In  (1)  we  obtain  the  second  formula  from  the  first  one  by  taking  the  inner  product(x, xk),  where  xk\s  fixed  and 
using  the  orthonormality.  The  essential  fact  in  (1)  is  that  Xj  is  an  eigen  vectors  of  T,  so  that  we  ha veTXj  — XjXi, 


consequently,  if  we  apply  T to  (1)  we  simply  obtain 

Tx  = £"=i  XjYjXj  (2) 

Looking  at  (1)  more  closely,  we  see  that  we  can  define  an  operator 

Pj.  H — > H (3) 

x i-»  Yjxj  =>  Pjx  — YjXj  — {x,Xj)Xj.Pj  is  the  projection  (orthogonal  projection)  of  H onto  the  eigenspace  of  T 
corresponding  to  Xj.  Formula  (1)  can  now  be  written, 

x = Iij=1PjX  (4) 

Hence,  / = YJj= i Pj  ■ Where  / is  identity  operator  on  H.  Formula  (2)  becomes 

Tx  ='Z1}=1XjPjx  (5) 

Hence  T — YJj=  \ ■ This  is  representation  of  T in  terms  of  projection.  Instead  of  the  projection  P{l  P2, ... , Pn 

themselves  we  take  sums  of  such  projection.  More  precisely,  for  any  real  X we  define, 

Ex  = 'Lxj&Pj  a EM)  (6) 


Hence E)2  — Ex,  moreover  f?*  is  symmetric  operator.  This  is  one-operator  family  of  projection,  X being  the 
parameter.  From  (6)  we  see  that  for  any  X the  operator  Ex  is  the  projection  of  H onto  the  subspace  Vk  spanned  by  all  those 
Xj  for  which  Xj  ^ X it  follows  that  Vx  c {X  ^ p).  As  X traverse  ‘R  in  the  positive  sencefi^  grows  from  0 to  /.  The  growth 
occurring  at  the  eigenvalues  of  T and  Ex  remaining  unchanged  for  X in  any  interval  that  is  free  of  eigenvalues. 

Properties  of  EA 

• EaE^  = E^Ea  = Ex,  if  X < n 

• Ex  = 0,  if  X < X1 

• EA  = I,  if  X^Xn 
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* EA+0  limp->A+o  Bp  E A 

Definition 

A real  spectral  family  (or  real  decomposition  unity)  is  a one  parameter  family  £ = (EA),  A £ M of  projection 


defined  on  Hilbert  space  H (of  any  dimension)  which  depends  on  a real  parameter  A and  such  that. 

Ex  ^ E„  (7) 

Hence,  EAE^  — E^EA  — EA,  A < /t 

limA__O0  EAx  = 0 (8a) 

\imA^+00  EAx  = x (8b) 

Ea+0x  = lim^+o  E^x  = EAx  (V  x £ H)  (9) 

We  see  from  the  definition  that  a real  spectral  family  can  be  regarded  as  a mapping  R — » B(H,  H),  A — > EA\ 


Strongly  operator  continuous  from  right.  To  each  A £ R there  is  corresponds  a projection  EA  £ B(H,  H),  where  B(H,  //)  is 
the  space  of  all  bounded  linear  operators  from  H into  H.  We  assume,  for  simplicity,  that  the  eigenvalues  A1,A2,  —,An  of  T 
are  all  different  and  A1  < A2,<  < An.  Then  we  have, 

EAl  = PA 
Ex2  ~ Ei  P2 
Ex3  — Pi  + P2  + P3 


EAn  - P1+  P2  A y pn- 

Hence,  conversely  ; 

Pi  = eAi 

Pj  — EAj  — EAj_t  j=2,  ...,n 

Since  EA  remains  the  same  forT  in  the  interval [Aj_1,Aj'),  this  can  be  writtenP;  = EAj  — EAj_0.  Now  equation  (4) 
becomes  x = Y?}=iPjx  — Y^=i{EAj  — EAj^o'jx  and  equation  (5)  becomes 

Tx  = X"= iAjPjX  = Tj=i^{EAj  - EAj_0)x. 

If  we  drop  the  x and  write  SEA  = EA  — EA_0.  Since  Ex  — 'Zxj&x  Pj.  We  arrive  at 

T = Yj=iAj8EAj  (10) 

This  is  the  spectral  representation  of  the  self-adjoint  linear  operator  T with  eigenvalues  Aa  < A2,<  •••  < An  on  that 
n-dimensional  Hilbert  space  H.  The  representation  shows  that  for 

any  x,  y £ H, 
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(Tx,y)  = Yj=1Aj  (8EXjx,y)  (11) 

We  note  that  this  may  be  written  as  a Riemann-stieltjes  integral 
(Tx,y)  = f+™Adw(X) (12). 


Where  w(A)  = ( ExX,y ). 


5.2  Spectral  Family  of  a Bounded  Self-Adjiont  Linear  Operator 

To  define  Spectral  family (e)  we  need  the  operator  Tx  — T — XI  from  resolvent  theorem  ||7)lx||  il  c||x||.  Then 

1 

Bx  — Tx,  the  positive  square  root  of  Tx2  denote  by  B^2.  Bx  = (7a2)2  = |7a|  and  operator  Tx+  — IfBA+rAlwhich  is  called 
positive  part  of  Tx-  The  spectral  family  £ of  T is  then  defined  by  £ = (Ex),  X £ K,  where  Ex  is  the  projection  of  H onto  the 
null  space  .W’(7)+)of  7)+.  We  proceed  step  wise  and  consider  at  first  the  operator: 

B — (T2)2 (Positive  square  root  of  T2), 

T+  — j(s+r)  (Positive  part  of  T), 

T~  = |(s-r)(Negative  part  of  T), 

and  the  projection  of  H onto  the  null  space  of  T+  which  we  denote  by  E. 


E:  H — > V = JV(T+)  = ker  (XI  - T)  + 

T = T+  - T~  =*  ~(B  + T)  - 1(3-7-)  = T+  -T~ 


-B  +-T--B  +-T  = T+  -T~ 

2 2 2 2 


T = T+  — T by  subtraction 


B = T+  + T~  =>  T+  + T~  = i (B  + T)  + 1(3-7-). 

1111 
= -B+-T  + -B--T. 

2 2 2 2 

= B 


=>  B = T+  + T~  by  addition. 

5.2.1  Lemma 

The  operators  just  defined  have  the  following  properties 

• B,  T+and  T_are  bounded  and  self-adjoint 

• B,  T+and  T~  commute  with  every  bounded  linear  operator  that  T commute  with;  in  particular 
0 T T+T T T + T ~ T TT~  ~i"  y7  — T~  T+ 

• E commutes  with  every  bounded  self-adjoint  linear  operator  that  T commute  with;  in  particular 
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• ET  = TE  EB  = BE 

• Furthermore 

. 7’+r  = orr+  = o 

• T+E  = ET+  = 0T~E  = ET-  = T~ 

• TE  = -T~  T(I  -E)  = T+ 

• T+^0T~^0 

Proof,  a 

• Claim  1 B is  bounded 

Proof  of  Claim  1 

||B||2  = (B,B)  < (T+  + T~,T+  + T~) 

_ j'+j'+  _)_  j+j-  _j_  j-j+  _|_  j-j- 

< ||r+||2  + t+t~  + t~t+  + ||r-||2 

= ||r+||2  + 2 Re(T+,T~)  + ||r-||2 

< ||r+||2  + 2|<r+,r_)l  + ||7’_||z 

<(||r+||  + ||r-||)2 

||s||<|im  + |ini 

B is  bounded  <:=>  continuous.  Since  1=1 
Claim  2B  is  self-adjoint 

Proof  of  Claim  2 Since  B = T+  + T~ 

(Bx,y)  = <C T+  + T~)x,y ) = (x,  ( T+  + T~)*y ) 

= (x,B*y) 

=*  B = B* 

B is  self-adjoint 

• Suppose  TS  — ST . Then  T2S  = TST  — ST2  and  BS  — SB  follows  from  theorem  (positive  square  root)  T+S  — 


- (BS  + TS)=-  (SB  + ST)  = ST4 


^ (SB  — ST)  = ST~. 


Therefore,  T+S  = ST+  =>  T~S  = ST~  =>  T~S  = -(BS  - TS)  = 


Then  show  that  T+T  =T  T+. 

T+T~  = - (BS  + TS).  - (BS  — TS)  = - (SB  - ST). -(SB  + ST)  = T~T+  ^ T+T~  = T~T+ . 
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• For  every  x E H we  have  y — Ex  E Y — N(T+)  = Ker(T+ ).  Hence  T+y  = 0 and  ST+Y  — S 0 = 0.  From 
TS=ST  and  (b)  we  have  S T+  — T+S  and  T+SEx  = T+Sy  — ST+y  — SO  — 0 =>  T+SEx  — 0,  hence  SEx  E 
Y.  since  E projects  H onto  Y.  We  thus  have  ESEx  = SEx.  For  every  x E H. that  is  ESE  = SE.  A projection  is 
self  adjoint.  ES  = E*S*  = (SE)*  = (ESE)*  = E*S*E*  = ESE  = SE.  Therefore,  ES  = SE. 

We  prove  (3)  — (6) 

Proof  (3) 

From  B = (T2)!  =>  B2  =T2,  and  also  BT  = TB  by  (6)  Hence  T+T~  = T~T+  = ^ (B  - T).  ^ (B  + T)  = 
- (B2  + BT  - TB  - T2)  = 0 =>  T+T~  = T~T+  = 0 

4 V 7 

Proof  (4) 

Let  T+Ex  = 0 V x £ H,  since  T+  is  self  adjoint.  We  have  ET+x  — T+Ex  — 0 by  (3)  and  (c).  Therefore,  ET+  = 
T+E  — 0 . Furthermore  T+T~x  — 0 by  (8),  so  that  T~x  E N(T+)  — ker(T+)  . Hence  ET~x  = T~Ex  = T~x  Vx  E H . 
Therefore,  ET~  — T~E  — T~ 

Proof  (5) 

From  a,  b and  (4),  since  T = T+  — T~ we  have  TE  — (T+  — T~)E  — T+E  — T~E  — —T~E.  TE  — —T~,  since 
T“is  self  adjoint.  Again  by  (4)  T(I  - E)  = T - TE=T  + T~  = T+.  Therefore,  T(I  - E)  =T+. 

Proof  (11)  By  (4)  and  (b)  T_  = ET~  + ET+  — E(T~+T+)  — EB  il  0,  since  E and  B are  self-adjoint  and  E 0 and 
f?  i!  0 by  definition  of  positive  operators. 

T+  = B - T~  = B - EB  = (I  - E)B  in  0 

T+  i;  0 , since  I — E in  0 and  Bin  0 

In  second  step  instead  of  T we  consider  T^  = T - M 

1 

Instead  of  B,T+,T~  and  E we  now  have  to  take  B x = (T*2)2 , T^+  — ^(B^  + T^)  . T{~  — ^(B^  — T{)  and 
projection  E^\  H ->  Y^  = J\f(7\+). 

5.2.2.  Lemma 

The  previous  lemma  remains  true  if  we  replace.  T,B,T+,T~,E  by  T^B^,  T^+,Tx~,E^  Respectively,  where 
A is  real,  moreover,  for  any  real  k.  A,  p,  v,  r following  operator  all  commute : TK,  BA,  7jt+,  Tv~,  Er 

5.2.1.  Theorem 

Let  T:  H ->  H is  a bounded  self-adjoint  linear  operator  on  a complex  Hilbert  space  H.  Furthermore,  let 
E^(A  is  real)  be  the  projection  of  H onto  the  null  spaced  = J\T(T^+)  of  the  positive  part  T%+  of  T^  — T — Al .then  s = 
(^A)ieR  is  spectral  family  on  the  interval  [m,  M]  c R,  where  m and  M are  given  by(l)  see  section  3.2. 

Proof.  We  shall  prove  A < p =>  Ex  < E^ 
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A < m =>  EA  — 0. 
A > M =>  EA  = I. 


H ->  A + 0 =>  E^x  ->  EAx. 

In  the  proof  we  use  part  of  Lemma  5.2.2  formulated  for  T A,  Tfl,  T A+  etc  instead  of  T,  T+  etc 
T+T~  = 0 

TaEx  = -TX~TX0  - Ex)  = TA+T^  = -T- 
ta+  ^ o 


Proof  (7) 


Let  A < ii  we  have  TA  = TA+  — TA  = TA+  becuase  — T ^ 0 . Hence  TA+  — T^  =TA 


Tu  = (n-X)I>  0 . 


Ta+  — is  self-adjiont  and  commutes  with  7^+  by  Lemma  of  5.2.2  and  T^+  i;  0.  Theorem  3.3.1  T^  + (Ta+  — 7^)  = 
V(Ta+  - T + + Tm“)  0.  Here  T^T~  = 0.  Hence  T^TX  = T^+2  V x E H . (T^TA+x,x)  il  (T^x.x)  = ||r/x||2  il 

0.  Since  7’M+is  self-adjoint.  This  show  that  Tx+x  — 0 =>  T^+x  — 0.  Hence  N(TA+)  c ■Af(7ji+). 


Ea  < E 'n  for  A < n 

Proof  (8) 

Suppose  not  EA  A 0 =>  EAz  =£  0 for  3 z , we  set  x = EAz  . Then  EAx  = EAz  = EAz  — x , we  may  assume 

11*11  = 1. 


( TaEax,x ) — { Tax,x ) — { Tx,x ) — A §;  inf^=1(Tx,x)  — A = m — A > 0,  contradiction  the  fact  that  A > m . 
TaEa  = -Ta~  g 0. 


TXEa  = o =>  Ea= 0 


A < m =>  Ea  = 0 

Proof (9) 

Suppose  A > M but  EA  ^ / so  that  I — EA  A 0 . Then  (/  — EA)x  — x for  some  x of  norm  1.  Hence  (TA(I  — 
Ea)x,x)  = (Tax,x)  = (Tx,x)  — A < supn^||((Tic,f>  — A)  — M — A < 0.  Then  there  is  contradiction. 

nu  - ea)  = ( ta+ ) ^ o 

■■■  A > M =>  EA  = I 
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